Electromagnetic scattering from an infinite and a finite length PEMC circular cylinder, illuminated by an arbitrarily oriented dipole, is investigated theoretically. An electric dipole as a source of excitation is considered first, and then a magnetic dipole as a source of excitation is treated. In contrast to the case of an axially directed dipole, it is shown that no additional terms are needed to incorporate the cross-polarized component of the field for the case of radial and circumferential dipoles. Numerical verifications are presented to verify the validity of derived results and numerical code by comparing results with the published literature.
Introduction
Perfect electromagnetic conductors (PEMC) [1] are a new class of metamaterials that exhibit exceptional properties not readily observed in nature. Recently, much theoretical effort has been devoted to the study of PEMC . The concept of a PEMC was introduced by Lindell and Sihvola [1] as a generalization of the perfect electric conductor (PEC) and perfect magnetic conductor (PMC). At the surface of a PEMC, the boundary conditions read n × (H + ME) = 0 n · (D − MB) = 0
where M denotes the admittance of the PEMC boundary and n is the unit normal vector. It may be noted that the PEMC corresponds to the PMC for M = 0, while it corresponds to the PEC for M → ±∞. In order to fulfill the boundary conditions, co-polarized as well as cross-polarized field components are required in the field representation, which earns PEMC a non-reciprocal attribute. In differential form representation [22, 23] , the corresponding medium is characterized as the simplest possible medium. We have studied the scattering of an arbitrarily oriented dipole from an infinite and finite length PEMC circular cylinder. It is noted that the substitute of the crosspolarized components is already present in the case of a PEMC cylinder excited by radial and circumferential dipoles, and even for special cases of PEMC, that is, for PEC and PMC where both co-and cross-polarized components exist. It has been shown in previous work that two scattering coefficients appear in the case of the PEC and PMC cylinders excited by ρ−directed and φ−directed dipoles. Therefore, a PEMC cylinder ex-cited by a ρ−directed or φ−directed dipole tells us that extra coefficients should not be called upon to incorporate cross-polarization. But in the case of a −directed dipole and PEMC cylinder, these cross-polarized components are necessary to fulfill the PEMC boundary conditions [16] . In our case, an electric dipole as a source of excitation is considered first, and then a magnetic dipole as a source of excitation is treated. The behavior of potential functions has been studied with respect to the admittance parameter.
We have carried out an approximate solution of scattering from a finite length PEMC cylinder excited by an asymmetrically located, arbitrarily oriented dipole. This approximation may be used when the length of the cylinder is large as compared to the radius of the cylinder. For this purpose, the current distribution of an infinite PEMC cylinder excited by an arbitrarily oriented dipole has been utilized to find the scattered field from a finite length cylinder.
PEMC circular cylinder of infinite length
Consider a perfect electromagnetic conductor (PEMC) circular cylinder of infinite extent which is excited by a dipole placed at the location r 0 = (ρ 0 φ 0 0 ). The radius of the circular cylinder is . It is assumed that the dipole is arbitrarily oriented with respect to the coordinate axis as shown in Figs. 1-3. Our interest is to find the scattered field at an arbitrary observation point r = (ρ φ ). It is assumed that the medium around the PEMC cylinder is free space described by constitutive parameters µ 0 and 0 . The time dependency is time harmonic as exp( ω ). The scattered field due to a dipole may be obtained by introducing the vector potentials, that is, the magnetic vector potential A and electric vector potential F. It may be noted that if the dipole is electric type and oriented in the ρ-direction or φ-direction, then the ρ and φ-components of the magnetic vector potential A are sufficient to find all components of the scattered fields from the circular cylinder due to the dipole. On the other hand, if the dipole is magnetic type and oriented in the ρ-direction or φ-direction, then the ρ and φ-components of the electric vector potential F are sufficient to find all the field components. Similarly, in the case of a -directed dipole, it is required to consider both A and F to calculate all the components of the scattered fields. When we consider an electric dipole as a source of excitation, the magnetic vector potential and fields are related as and for the case of a magnetic dipole as a source of excitation, the electric vector potential and fields are related as
The detailed derivation is given in appendix.
In the present discussion, we have considered an electric dipole as a source of excitation first, and then the case of a magnetic dipole as a source of excitation. Each component of the vector potential of the electric dipole field may be expanded in terms of a Fourier transform with respect to the parameter [24] .
In the above equation, variation with respect to φ in the transformed functions A (ρ φ ) has been expanded in terms of a Fourier series, and A are the coefficients of the Fourier series of the transformed function.
Similarly, we can write
In the next two sections, we consider the ρ-directed dipole and φ-directed dipole cases separately.
ρ− directed dipole field

Electric dipole
In the present geometry, the electric dipole is ρ−directed in the presence of a PEMC cylinder as shown in Fig. 1 . It is assumed that the vector potentials for the scattered fields in terms of the unknowns are [24] A
Using the above vector potentials, the Fourier transform of the tangential components of the radiated or incident field due to the dipole and the scattered electromagnetic field from a PEMC cylinder is given below:
The actual components of the field may be obtained using the relations (5).
The tangential field components have to satisfy the boundary condition at the cylinder surface
and the boundary condition for the radial component is
Applying the condition (8) to the φ and components of the fields, we obtain the following system of linear equations
From these equations we find that the expansion coefficients and are given by
It can be shown that the assumed solution with coefficients given above also satisfies the boundary condition for the normal components (9) .
Once the unknown coefficients and are determined, the scattered field in the far region may be obtained by applying the steepest descent method [25] . We use the asymptotic form of H (2) (χρ) with the transformations ρ = R sin θ, − 0 = R cos θ. We write only the results:
where we have assumed that R sin θ 1.
( sin θ) and ( sin θ) mean that we set χ = sin θ and = cos θ in the coefficients given by (12) and (13) . In the far region, the electric field components are obtained from E θ − ωA θ and E φ − ωA φ . The same results for the scattered fields can also be obtained by applying the transformation method discussed in [2] . The incident fields are transformed according to this method. Using these transformed fields and the PEC boundary conditions, the scattering coefficients are calculated and after that, we apply the inverse duality transformation to get the required scattered fields from the PEMC cylinder.
Magnetic dipole
When the magnetic dipole is ρ−directed in the presence of the PEMC cylinder, the Fourier transform of the tangential components of its incident and scattered electromagnetic fields can be determined from (6)) by using the duality principle, since the magnetic dipole is dual to the electric dipole.
The vector potentials for the scattered fields in terms of the unknowns are
where M ρ is the magnetic current density. Using the above vector potentials, the Fourier transform of the tangential components of the radiated or incident field due to the dipole and scattered electromagnetic fields due to the PEMC cylinder are given below:
The application of the boundary conditions (8) at ρ = yields
Solving for the expansion coefficients, we obtain
With these coefficients, it is easily shown that the normal boundary condition (9) is also satisfied.
Once the unknown coefficients and are determined, the scattered field in the far region may be obtained by applying the steepest descent method [25] . We write only the results:
( sin θ) and ( sin θ) mean that we set χ = sin θ and = cos θ in the coefficients given by (19) and (20) . In the far region, the electric field components are obtained from
Application to sattering calculations
We note that in the PEC limit, M → ∞, the scattering coefficients in the case of an electric dipole reduce to the well known form [24] = −
In the PMC case, M = 0, the coefficients become
Similarly, in the PEC limit, M → ∞, the scattering coefficients in the case of a magnetic dipole reduce to
It should be noted that the formulas for and are interchanged with and when the PEC cylinder is replaced by a PMC cylinder, i.e., they follow the duality principle.
All the scattering coefficients depend on the M parameter, but from (12), (13) and (20), (21) we find that
This implies the scattering of an unpolarized incident wave is independent of M.
φ− directed dipole field
Electric dipole
A φ-directed dipole in the presence of an infinite PEMC cylinder is shown in Fig. 2 . The analytical procedure is similar to that of the ρ−directed dipole. We write only the results:
where we assume that R sin θ 1.
( sin θ) and ( sin θ) mean that we set χ = sin θ and = cos θ in the coefficients given below.
These expansion coefficients are obtained by utilizing the tangential components of the field given in [24] in the PEMC boundary condition. In the far region, the electric field components are obtained from E θ − ωA θ and E φ − ωA φ .
Magnetic dipole
We write only the results:
= − χρ
These expansion coefficients are obtained by utilizing the tangential components of the field in the PEMC boundary conditions. In the far region, the electric field components are obtained from E θ − ωZ 0 F φ and E φ ωZ 0 F θ .
Application to scattering calculations
We note that in the PEC limit, M → ∞, the scattering coefficients in the case of an electric dipole reduce to the well known form [24] = − H (2) (χρ 0 )J (χ ) H (2) (χ )
It should be noted that the formulas for and are interchanged with and when the PEC cylinder is substituted by a PMC cylinder. All the scattering coefficients depend on the M parameter, but from (29), (30) and (32), (33) we find that
PEMC circular cylinder of finite length
The determination of the far-zone field of a finite cylinder, i.e., a cylinder not of infinite extent in the ± direction, when excited by an arbitrarily oriented electric dipole presents greater difficulty than the case of the infinite cylinder. However, if the cylinder is long compared to its radius, an approximate solution to the problem may be obtained [24, 26] . In order to carry out a more accurate approximate solution to this problem, the current distribution on the finite cylinder has been taken as identical to the distribution on the infinite cylinder. The procedure is as follows: First the current distribution on the infinite cylinder is determined. Then the portions of the infinite cylinder above = 2 and below = − 1 are removed with the assumption that the current on the remaining portion of the cylinder is unchanged as shown in Fig. 4 . The far-zone field of this unchanged portion of the current between − 1 and 2 is then computed and added to the field of the dipole to obtain an expression for the total far-zone field of the configuration.
It may be noted that due to this approximation, the following two proportionalities hold for the surface current density [26] :
where J and J φ are the -and φ-components of the surface current densities on the cylinder. From the above expressions, it is evident that at large value of , the contribution of J and J φ goes to zero. So the major portion of the radiation is produced by the central region of the infinite cylinder, i.e., − 1 ≤ ≤ 2 and the approximation used is justified for the conditions 
ρ− directed dipole field
Electric dipole
In this section, the far-zone radiation field of a ρ-directed dipole placed near a finite cylinder has been derived using the approximation discussed above. The field is to be calculated at an arbitrary point. The field due to current on the cylinder will first be derived, and then the dipole field will be added to give the total field. The far-zone φ-component of the electric field due to a surface current density J flowing over an area S is [27] 
where i and i φ are unit vectors in the -and φ-directions, respectively. Therefore, (40) becomes
Substituting H [24] into (41), one obtains
where
It can be shown that the first integral in (42) is given by 2π 0 sin φ cos(φ − φ)
Therefore, (42) becomes
Performing the integration over in (44) and making the substitution = , one obtains
In adding the contribution to E φ from the dipole alone [24] , the total φ-component of the far-zone field becomes
The far-zone θ-component of the electric field due to surface current density J is
where i θ and i are unit vectors in the θ-and -directions, respectively. Therefore, Eq. (48) becomes
Substituting H φ into (49) [24] , one obtains
It can be shown that the first integral in (50) is given by Thus, (50) becomes
Performing the integration over and letting = , one obtains
(54) Adding the contribution to E θ due to the dipole alone, the total θ-component of the far-zone electric field becomes
Magnetic dipole
and
The expansion coefficients and are given in Eqs. (20) and (21).
φ− directed dipole field
Electric dipole
The expansion coefficients and are given in Eqs. (29) and (30).
Magnetic dipole
The expansion coefficients and are given in Eqs. (32) and (33).
− directed dipole field
Electric dipole
The expansion coefficients and are given in [16] .
Magnetic dipole
Numerical results and conclusion
In this section, sample numerical results are presented to prove the validity of the developed formulation. The reason for choosing these values is that the experimental data for the PEC cylinder of this size parameter is available [26] . We have also reproduced and compared with results given in our previous work [24] . Moreover, we have considered a cylinder of very small radius in order to get a more accurate approximation. Radiation patterns for different M have been noted in Fig. 7 for the E θ component, but radiation patterns of E φ are almost circular for different values of M. The reason is that the axial currents contribute to the E θ , whereas circumferential currents contribute to the E φ component and due to the very thin cylinder, the variation of E φ with M is not very pronounced. In the case of a magnetic dipole, these effects are reversed. Along the same lines, radiation patterns for the φ-directed and -directed dipole can be obtained. The plots for the -directed dipole are shown in Fig. 9 . Moreover, the plots for the limiting cases converge to the PEC [24] and PMC cases. These results verify our analytical results. Thus it has been observed that the induced current on the cylinder has two components: one is axial and the second is circumferential to the cylinder. And the most predominant feature of the radiation characteristics examined is the variation of field components for different values of the admittance parameter M. The variation in radiation patterns is prominent if the magnitude of the induced current is dominant and is flowing in the axial direction. On the other hand, the radiation patterns are not much modified if the field component is contributed by the circumferential direction because of the thin cylinder. However, when the cross-section of the cylinder becomes comparable to half a wavelength, the azimuthal components as well as axial components of the surface current will contribute much to the behavior of the field components with different M. A small, arbitrarily oriented electric dipole is placed at r 0 = (ρ 0 φ 0 0 ) and the problem is to derive the field at any point r = (ρ φ ) produced by the dipole current. This is given as the solution of the Maxwell equations
where J is the electric current density and δ(r − r 0 ) is the Dirac's delta function. The symbols r and r 0 denote the vectors of the observation and source points, respectively. The parameters 0 and µ 0 are the permittivity and permeability of free space. When we consider an electric dipole as a source, then we can say that it is a source-free region as far as magnetic source is concerned. So we can write [27, 28] ∇ · B = 0
It can be represented as the curl of another vector because it obeys the vector identity.
where A is an arbitrary vector. Thus, we define
where the subscript A indicates the field due to the A potential. Substituting the value of H A into Maxwell's curl equation
which can also be written as
From the vector identity
we can write
or E A = −∇φ − ωA (A10) φ represents an arbitrary scalar potential that is a function of position. Taking the curl of both sides of B A = µ 0 H = ∇ × A and using the vector identity
For a homogenous medium, (A12) reduces to
Equating Maxwell's equation
to (A13) leads to
Substituting (A10) into (A15) reduces it to
where 2 = ω 2 µ 0 0 . In (A3), the curl of A was defined. Now we are at liberty to define the divergence of A, which is independent of its curl. Both are required to uniquely define A. In order to simplify (A16), let
which is known as the Lorentz condition (or gauge). Other gauges may be defined. Substituting (A17) into (A16) leads to
In addition, (A10) reduces to
or we can write
Similarly, when we consider a magnetic dipole as a source, then we can say that it is a source-free region as far as electric source is concerned. So we can write
Therefore, it can be represented as the curl of another vector because it obeys the vector identity.
where F is an arbitrary vector. Thus, we define
or
where the subscript F indicates the field due to the F potential. Substituting the value of E F into Maxwell's curl equation 
and equating it to Maxwell's equation
leads to
Substituting (A26) into (A29) reduces it to
reduces (A30) to
and (A26) to
Now we consider the case of an electric dipole and find its expressions in circular cylindrical coordinates. The analytical procedure for the case of a magnetic dipole source is similar. Substituting (A20) into (A1) yields the equations which the vector potential A must satisfy: 
where ∇ 2 is the two dimensional Laplacian in cylindrical coordinates. Each component of the vector potential is expanded in terms of a Fourier transform with respect to the parameter, which is defined by
where tilde means the transformed function. Any vector field which is finite, uniform, and continuous and which vanishes at infinity may also be expressed as the sum of a gradient of a scalar and curl of a zero divergence vector [29] . The solution of the transverse component of the magnetic vector potential, used in (A36), may be written for r = r 0 as
where Φ and Ψ are the scalar functions satisfying the twodimensional wave equation ∇ 2 F +χ 2 F = 0 with F = Φ or F = Ψ and χ 2 = 2 − 2 . The solution of the -component of (A36) is given by A = Φ for r = r 0 . The variation with respect to variable φ is expanded in terms of a Fourier series, and the expansion of the Dirac's delta function is given by
Let the coefficients of the Fourier series of the transformed function A be denoted by A . Thus the solution for each component of the vector potential is obtained in the form
The coefficients A (ρ ) of the Fourier series of the transformed functions A (ρ φ ) must satisfy the following inhomogeneous differential equations:
In the next subsection, the radiated field due to an electric dipole has been determined while specifying a particular direction of the electric dipole. That is, three situations have been considered: a ρ-directed dipole, a φ-directed dipole and a -directed dipole.
Appendix B: ρ − directed dipole field
Letting u = i ρ in the right hand side of (A41), the equations for A ρ and A φ become
It is obvious from (A41) that A satisfies the homogeneous wave equation and is independent of A ρ and A φ . The set of equations (B1) are coupled differential equations for A ρ and A φ . The solution of (B1) can be constructed from that of the corresponding homogeneous equation which is given in (A38), by applying the source conditions
The scalar functions Φ and Ψ of A given by (A38) may be written as
The scalar functions Φ 1 and Ψ 1 of A given by (A38) are by J (χρ) for ρ < ρ 0 and H (2) (χρ) for ρ > ρ 0 , respectively. A may be obtained using (A38). That is,
where differentiation with respect to φ has been employed to simplify the expression.
A ρ = P χJ (χρ) + α 1 ρ J (χρ) ρ < ρ 0 Q χH (2) (χρ) + α 1 ρ H (2) (χρ) ρ > ρ The solution is readily derived and the result is given by A = µJ 4 J (χρ)H (2) (χρ 0 ) H (2) (χρ)J (χρ 0 )
Thus the desired field can be obtained by using the above potential in (A20).
